Advanced Calculus Midterm Exam November 24, 2010

Note: There are 8 questions with total 126 points in this exam.

1. Let {x} be a sequence defined recursivelydgy= v/2, andx,1 = \/2+x, fork=1,2,....
(@) (10 points) Show by induction thét) x, < 2 and(ii ) xx < xx.1 for all k.
Solution: (i) Whenk=1, x; =2 < 2.

Assume thaky < 2. Then we haveqy, 1 = /2+x« < vV2+2=2.
Thus, the argument of induction implies thqt< 2 for all k.

(i) Using (i) twice, we haveq. 1 = /2+ Xk > X+ Xk = V2% > /X /% = X for all k.

(b) (10 points) Show thaklim Xk exists and evaluate it.

Solution: The results ofa) implies that{x} is an increasing sequence and it is bounded from
above by2. The Monotone convergence theorem implies tkliraltxk = X exists, and since& =

lim xic;1 = Jim V2+xc=vV2+x, wehaved =x2 —x— 2= (x—2)(x+1) = x=2.

2. (16 points) LetSc R" andx € R". Show thatx € Sif and only if there is a sequence of poir{ts,} in
Sthat converges ta. [Hint: You may use the fact that the closureSis the union ofSand all its
boundary points, i.eS= SUJS]

Solution: (=) If x e S= SUdS then either
Case(i) : x € S, then the sequende = X}, fork=1,2,..., is a sequence iSthat converges tg,
or

. . 1 L :
Case(ii) : x € S then, there is ary € B(R’X) NS, foreachk=1,2,... satisfying tha‘ﬂlm Xk = X.

(<) For eachx ¢ S there exists an > 0 such thaB(r,x) C S'. This implies there does not exist any
sequence of pointsxk} in Sthat converges tg.

Remark: This equivalence says thatSUdS= SU S, where S denote the set of accumulation
points of S

3. (a) (10 points) LetB(r,0) = {x € R": ||x|| < r} be the ball of radius about the origin. Show that
B(r,0) is open inR".

Solution: For eachp € B(r,0), we haveB(r — ||p||, p) C B(r,0) since for eacly € B(r — || p||, p)
we havelly|| < [ly—pll+|[pll <r —lpl+Ip[ =T, i.e.y € B(r,0).

Alternative proof: Since0 € B(r,0) C B(r,0), O is an interior point oB(r,0).

For eachp € B(r,0) \ {0}, by settingpo = min{||p||,r — ||p||} > O, we haveB(p, p) C B(r,0) and
conclude thap is an interior point oB(r,0). Thus,B(r,0) is open since each of its points is an
interior point.

(b) (16 points) Show that i, andS, are open, so ar§US, andS NS,

Solution: For eachp € S U S, sincep is an interior point ofS, for i = 1 or 2, there exists a
B(r, p), for somer > 0, satisfying eitheB(r,p) C § C S US,. Thus, p is an interior point of
SUS, andSUS is open.

For eachp € S NS, there existr1,ro > 0 such thaB(r1, p) C S, andB(r, p) C S. By taking
r =min{ry,ra} > 0, we haveB(r, p) C S NS, and conclude the® NS, is open.
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(c) (8 points) Show that for angc R", S" is open.

Solution: For eachp € S™, there is arm > 0 such thaB(r, p) C S. By (a), every point inB(r, p)
is an interior point oB(r, p) C S, hence, it is also an interior point & Thus,B(r, p) ¢ S™, and
this implies thaS™ is open.

Alternative proof: The definition of an interior point says thate S" if there exists a ball
B(r,x) C S Therefore, ifx ¢ S™, then either every ball centeredxintersects botis and<’, or
there exists a baB(r,x) C &, i.e. x € dSU ()™, SincedS= 9, ISU ()M = 9 U ()M
is closed S is open.

4. (10 points) Leff : S— R™ be a function satisfying
f(x) —f(y)| <Clx—y|* forallx,ye$s
whereC > 0 andA > 0 are constants. Show thiis uniformly continuous of%.
€\1/2
()

such that if,x,y € Ssatisfying thaix —y| < 3, then|f(x) —f(y)| < C|x —y|* < C3 = €. Hencef is
uniformly continuous ors.

Solution: For eache > 0, sincelf(x) —f(y)] <Clx—y[* forallx,y € S, we choose} =

5. (16 points) Show that: R" — RK is continuous (in the sense ofd definition) if and only if for each
open subsdt in R the setf ~1(U) = {x ¢ R": f(x) € U} is open.

Solution: (=) Let U be an open subset iR and p be a point inf~1(U). Given € > 0, since
B(e,f(p)) NU is open, there exists a b&(n,f(p)) C B(e,f(p)) NU, for somen > 0. The continuity
of f at p implies that there is a baB(J, p), for somed > 0, such thatf(B(d,p)) C B(n,f(p)) C
B(e,f(p)) NU C U. This implies thaB(d, p) ¢ f~1(U), andf~1(U) is open .

(<) For eachp € R", and eacle > 0, since the seB(&,f(p)) is open inRX, f1(B(e,f(p))) is an open
set containing. There exists & > 0such thaB(J, p) c f~1(B(g,f(p))), i.e.f(B(J, p)) C B(&,f(p)),
andf is continuous ap.

6. (10 points) Suppose that R" — R™ is continuous orJ C R" andg: R™ — RX is continuous on
f(U) C R™. Show that the composite functigff) : R" — RX is continuous otJ.

Solution: For eachp € U, and anye > 0, sinceg is continuous at(p), there exist) > 0, such that
if y € f(U) satisfying thaty — f(p)| < d1, then|g(y) —g(f(p))| < €. Also, sincef is continuous ap,
there exists & > 0, such that ifk € U satisfying thatx— p| < 9, then|f(x) —f(p)| < 1 which implies
that|g(f(x)) —9(f(p))| < &, i.e. the composite functiog(f) is continuous at each€ U.
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7. (10 points) LetSbe a compact subset Bf' and letf : S— R™ be continuous at every point 8 Show
that the image set
f(S ={f(x):xe S}

is also compact.

Solution: Suppos€g{yk} is a sequence if(S). This implies that, for eack, there is an € Ssuch
thatyx = f(xx). SinceSis compact, by the Bolzano-Weierstrass theorgxg} has a convergent subse-
quence{X, } that converges to a poiate S. Sincef is continuous ah, lim y, = lim f(x, ) =f(a) €

] — ] —

f(S). Thus, every sequence f(S) has a subsequence whose limit lieg(i8). This implies thaff(S)
IS compact.

8. (10 points) LetSbe a connected subsetiY. Show that the closure &is also connected.

Solution: Suppose thais disconnected andJ,V) is a disconnection db. Suppose thdt) NS+ 0
andV NS# 0, then it is easy to see th@) NSV NYS) is a disconnection o8 This contradicts
to thatSis connected. Therefore, eithernS= 0, or VNS= 0. Assume thav N S= 0, since
SUAS= S=U UV, this implies thav C dS, andU = S But, this implies thal "V =SnNV # 0
which contradicts to thalJ,V) is a disconnection d&. It is easy to see thal N S= 0 will also lead
to a contradiction. Therefor&is connected.

Note: (1) In general, the converse is not true. e.g. et [0,1) U (1,2). ThenS= [0,2] is connected
while Sis not.

(2) A subsetA C Sis said to beopen relative to the set Sf there exists an open setC R" such that
A=UNS

The definition of connectedness 8« is equivalent to that cannot be a disjoint union of two
nonempty open subsets relativeSa.e. S cannot be expressed 8s= AUB, whereD #A=UNS
and0#B=VNS ANB=0, andU,V are open subsets &".

proof of (=) Suppose thas=AUB, whered #A=UNS and0#AB=V NS ANB=0, andU,V
are open subsets &f".

= A=S\B=S\(VNY =S\V =SnVE,

andB=S\A=S\(UNS) =S\U =Snu®

= ANB=(SNV®) n(SnVv) =0,

andANB = (SNV®) N (SnV) =0.

Hence,Sis disconnected.

proof of («=) Suppose thabis disconnected, anfi=S U S,

whered #S,i=1,2,andS5NS=0,5NS = 0.

=5 = $Cm S andS = Qcﬂ Sare disjoint nonempty open subsets relativ§tandS= S U S,.
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